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- Numerical solutions of

- partial differential

- equations by the
finite element method

Claes Johnson

0. Introduction

0.1Background

0.2Difference methods-finite element methods
0.3Scope of the book

1.Introduction to FEM for elliptic problems
1.1 Variational formulation of a one-dimensional model Problem

1.2 An error estimate for FEM for the model problem

1.3 FEM for the Poisson equation

1.5 Hilbert spaces

1.6 A geometric interpretation of FEM

1.7 A Neumann problem. Natural and essential boundary condictions
1.8 Remarks on programming
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The Finite

slement Method

A numerical technique for finding
approximate solutions to boundary-value

problems from S

cience and Engineering
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Example: heat conduction in one
dimension (stationary problem)

¢ (x) = f(x) (conservation of energy)
_q(aj) — kT,(a’}) (FOU_I'ieI'jS 1&W)

T(0) = T(L) = 0;
i) KT + f =0
{T(O) = T(L) =0
q(z)

0 L
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Approximation
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—>Z

L
KT" + f =0
T(0) =T(L) =0
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REFORMULATION
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KT + f =0 KT + f)u
STRONG FORM {T(O)+fT(L)O§> {( |

% L L
< —/ kT"vdX:/ tvdx
0 0
= T(0)=T(L) =0

-

L L
f kT'v'dx = / fodx Vo :v(0)=v(L)=0
0 0

T(0) = T(L) =0
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kKT" + f =0
STRONG FORM T(0) = T(L) =0

.

V

L L
f kT'v'dx = / fodx Vo :v(0)=v(L)=0
0 0

T(0) = T(L) =0
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IMPLEMENTING THE FEM
Zém .

1+

= Zﬁj%‘ (z) \ /\

0 2
fOL Ty dx = fOL fvdx Vv € Vy,

M L
Z &m/ 050 —Zm/ feo;
j=1 0

1,7=1

= [F i and b; = I fou
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IMPLEMENTING THE FEM

aiM N
: n=1:
ap M M
n' A& = nl'b
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Enr
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a;; = J, @i and b; = [ fo;
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IMPLEMENTING THE FEM
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M=1:

the WEAK FORM i IS

fO dX — fO f()V d
( ) = (),
v(x)=np(z),

SR () (z)dx = [ fov(x)dx

1 1
= / Eng' (z)?dx = / fonedx
0 0

fnfolw’(w)zdx /Olfw(X)dX;
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Other topics

e An error estimate for FEM
 FEM for the Poisson equation
* Hilbert spaces

 Geometric interpretation of FEM
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An error estimate for FEM

||w|| — (w, w)% = ([1 wzdx)% /0 ku'v'dz = /0 fodx
’ Vv : v(0) =v(1) =0

1(w—a)|| < |l(w—2v)] &7 lu(@) —a(x)|<h max |[u(y)]

0<y<1

_~Y <h 144
I(u—@)'|| < h max [u”(y)

lu(x) — u(x)| < hmaxo<y<q | (y)| for0 <z <1
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FEM for the Poisson equation

-Au = f in{2
—/ Auvdx:/ffvda;
Q Q

u=0 onl’

— @vdx -+ / Vue Vudr = / Vue Vudx
I an Q) Q

/VuOVvdX:/fvdx
Q Q

\5\\
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Hilbert Spaces

DEF:a complete inner product space is called a Hilbert space.

H'(I) = {v: v and v’ belong to Ly(I)}

o iy = [ 4
I

1ol 221y = / (v + v'?)dx
I

Ve > 0 3 a natural number N such that ||v; —v,|| <eif i,j > N

v; converges to v if ||[v —v;|| = 0 as ¢ — oo

find u € Hy(I) such that [, v/v'dx = [} fvdx ¥v € Hy(I)
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Geometric interpretation of FEM

/ /f x) € Hy(I)
/ dx—/f x)dx Yo(x) € V Yo(x) € V},
Vi, C Hy(Q)

v

~

/T(az)' — T(z)v(z)dx = (T(z) — T(z),v(z)) = OVou(z) €V,
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